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Abstract

Memorizing the multiplication table is a major challenge for elementary school students: there are many facts to
memorize, and they are often similar to each other, which creates interference in memory. Here, we examined

whether learning would improve if the degree of interference is reduced, and which memory processes are responsi-
ble for this improvement. In a series of 16 short training sessions over 4 weeks, first-grade children learned 16 multipli-
cation facts—4 facts per week. In 2 weeks the facts were dissimilar from each other (low interference), and in 2 control
weeks the facts were similar (high interference). Learning in the low-similarity, low-interference weeks was better than
in the high-similarity weeks. Critically, this similarity effect originated in the specific learning context, i.e,, the group-
ing of facts to weeks, and could not be explained as an intrinsic advantage of certain facts over others. Moreover,

the interference arose from the similarity between facts in a given week, not from the similarity to previously learned
facts. Similarity affected long-term memory—its effect persisted 7 weeks after training has ended; and it operated on
long-term memory directly, not via the mediation of working memory. Pedagogically, the effectiveness of the low-
interference training method, which is dramatically different from currently used pedagogical methods, may pave the

way to enhancing how we teach the multiplication table in school.
Keywords: Multiplication table, Proactive interference, Long-term memory, Math teaching methods

Introduction

Learning the basic arithmetic facts, in particular the mul-
tiplication table, is a key part of the elementary school
mathematics curriculum. Mastering the multiplication
table is important not only in itself but also for acquir-
ing more advanced mathematical skills: even if not-
memorized multiplication facts can be solved by various
workarounds (strategies, external devices), automatic
knowledge is still advantageous because it can free cog-
nitive resources that can be used for other tasks (Bratina
& Krudwig, 2003; Hasselbring, 1988). Sadly, learning the
multiplication table is not only important, it is also dif-
ficult. Children typically learn by heart the single-digit
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multiplication facts from 3 x3 to 9 x 9—a challenging
quantity of 28 facts to remember. Other single-digit mul-
tiplications are not necessarily learned by heart, as they
can be solved using rules, Nx0, N x 1, N x 10; using
twin addition, N x 2; or using multi-stage procedures to
solve multi-digit multiplication. Given this large memo-
rization challenge, it is perhaps not surprising that many
children have difficulties learning the multiplication table
and show poor/abnormal performance patterns (Geary,
2004; Gross-Tsur et al.,, 1996; Noél & De Visscher, 2018;
Rasianen & Ahonen, 1995).

Learning arithmetic facts, specifically the multiplica-
tion table, has at least two aspects. One aspect pertains
to the mathematical meaning of arithmetic facts. The
mathematical meaning determines the result of each
given fact, and it has several consequences—for exam-
ple, that addition facts are related to counting and to the

©The Author(s) 2022. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or

other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this
licence, visit http://creativecommons.org/licenses/by/4.0/.


http://orcid.org/0000-0002-0632-620X
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s41235-022-00451-0&domain=pdf

Dotan and Zviran-Ginat Cognitive Research: Principles and Implications

idea of moving along a number line; that a multiplication
fact is equivalent to a series of same-operand additions;
and that for both additions and multiplications, larger
operands are correlated with larger results. Learning
such mathematical truths is critical to understanding the
meaning of arithmetic and being able to use it properly. It
can also help compute the result of arithmetic facts—e.g.
if we need to solve a problem whose solution we did not
learn yet or we forgot. Moreover, several of these truths
are not just mathematical, they may also affect the cogni-
tive processing of the arithmetic facts. For example, the
magnitude of an arithmetic fact affects the difficulty of
solving it (Groen & Parkman, 1972; Zbrodoff & Logan,
2005), and solving addition and subtraction facts is asso-
ciated with the activation of number-line representations
(McCrink et al., 2007; Pinheiro-Chagas et al., 2017).

The present study focuses on the second aspect of the
knowledge of arithmetic facts, in particular multiplica-
tion facts—rote memory. This aspect is extremely impor-
tant too: although arithmetic facts have mathematical
meaning, and understanding this meaning is a critical
stage of learning them, most educated adults eventually
come to learn most single-digit arithmetic facts by heart,
and they solve them by retrieving a memorized response,
and not (at least not only) by applying mathematical
rules (Campbell & Beech, 2014). More specifically, mul-
tiplication facts are stored in verbal memory (Dehaene,
1992; Dehaene & Cohen, 1995; Dehaene et al., 2003). In
line with this idea, learning multiplication facts depends
on language skills and memory (LeFevre et al., 2010; Xu
et al.,, 2021; this is true also for arithmetic facts other than
multiplication); and phonological skills predict arith-
metic abilities (Jordan et al., 2010; Korpipéi et al., 2020;
Simmons & Singleton, 2008). Thus, while understanding
the mathematical aspects of multiplication is necessary—
it provides a way to solve multiplication exercises, and it
underlies the knowledge of how to use multiplication for
particular goals—rote memory helps become proficient
in arithmetic. Indeed, in several countries, typical mul-
tiplication lessons include not only conceptual learning
but also rote memorization of the multiplication table
using various strategies, e.g., recitation or songs (Olfos &
Isoda, 2021).

Because multiplication facts are stored as individual
facts in memory, they are subject to the limits of human
memory, in particular to the interference induced by
the similarity between items: memorizing similar items
is hard because they interfere with each other. This sim-
ilarity effect is evident when learning arithmetic facts
(Barrouillet et al.,, 1997; Campbell & Graham, 1985;
De Visscher & Noél, 2013; Katzoff et al., 2020; Noél &
De Visscher, 2018) as well as in other memory tasks
(Baddeley, 1966a, 2003; Hall, 1971; Nelson et al., 1974;
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Oberauer & Kliegl, 2006; Oberauer & Lange, 2008;
Stager & Werker, 1997; Vallar, 2006). Specifically for
arithmetic facts, one explanation of the similarity effect
is that the facts are represented in memory as a net-
work of associations, in which each fact is associated
not only with the correct solution but also with incor-
rect solutions (Campbell & Graham, 1985). The similar-
ity between facts increases the likelihood of following
these incorrect-solution associations and retrieving
an incorrect answer. Some individuals have particu-
larly high sensitivity to similarity-induced interference
(“hyper-sensitivity to interference”), and consequently,
they find it extremely hard to learn the multiplication
table (De Visscher & Noél, 2013, 2014a; De Visscher
et al,, 2018; Dotan & Friedmann, 2019), i.e., they show
symptoms of dyscalculia (American Psychiatric Asso-
ciation, 2013; World Health Organization, 1992).

As a means to overcome the difficulty caused by the
similarity between facts, we propose a simple teaching
method based on two foundations. The first foundation
is similarity versus dissimilarity: similar multiplication
facts are hard to memorize because they interfere with
each other, but it may still be easy enough to memorize a
set of dissimilar multiplication facts (Campbell, 1987; De
Visscher & Noél, 2013, 2014a, 2014b; Girelli et al., 1996;
Katzoff et al., 2020). Thus, learning the full multiplication
table is hard, but it should be possible to learn a subset
of multiplication facts as long as they are dissimilar from
each other (e.g., 9x9=63 and 7 x 4=28). The second
foundation is temporal distance: similar facts interfere
with each other when they are presented simultaneously,
or within a short time from each other, but interference
should be lower when the facts are presented with a suf-
ficient temporal delay between them (Campbell, 1987).
Thus, we may be able to teach even similar facts (e.g.,
8 x 8 =64 and 8 x 6 =48) if we present them with a suffi-
cient temporal delay between each other. These two foun-
dations lead to the following simple teaching method:
each lesson includes only dissimilar facts, and different
lessons that include similar facts are administered with a
sufficient temporal delay between them.

We examined whether this low-similarity training
method would improve the learning of multiplication
facts by first-grade children who did not yet start learning
the multiplication table. The specific experimental design
was as follows: during four weeks of training, each child
learned four multiplication facts per week (16 facts over-
all). In two weeks, the 4 facts were dissimilar from each
other. As a control, in the two other weeks the facts were
similar to each other. Thus, each child learned both simi-
lar and dissimilar facts. We predicted better learning in
the weeks with dissimilar facts than in the control weeks.
As we shall see, this was indeed the case.
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In a previous single-case study (Dotan & Friedmann,
2019), this low-similarity training method was extremely
successful for a woman with hypersensitivity to interfer-
ence. A small effort of about 4 min per multiplication
fact, distributed over 4 weeks, sufficed for her to learn
12 facts and to remember them two months later with
80% accuracy—much better than her performance in a
high-similarity control condition. However, Dotan and
Friedmann’s study had several limitations, which limit
its ability to inform reliably about learning the multipli-
cation table in common educational settings. First, the
study examined only one participant, so its pedagogical
conclusions are suggestive at best. Second, the partici-
pant was an adult woman, so the study does not inform
directly about the memorization processes in children—
the population that attends school and learns the mul-
tiplication table. Third, this woman had a very specific
memory disorder (hypersensitivity to interference), so
her performance pattern may be different from that of
individuals without cognitive disorders, or individuals
with other types of cognitive disorders. Last, although
Dotan and Friedmann showed that low-similarity train-
ing can improve memorization, they did not examine in
detail why this improvement occurred. For example, they
did not identify the specific memory mechanism respon-
sible for the improvement.

The present study aimed to overcome these limitations.
We had three goals, which have an impact on pedagogy
as well as on cognitive theory. First, we aimed to find a
simple way to make it easier to learn the multiplication
table for the most relevant population—typically devel-
oping children in early elementary school grades. Sec-
ond, we aimed to show, for the first time, causal evidence
for the effect of similarity between multiplication facts on
their memorization, specifically in typically developing
elementary school children. Third, we asked why simi-
larity disrupts memorization; in particular, we aimed to
identify the specific memory mechanism responsible for
the similarity effect.

Method

Participants

The participants were native Hebrew speakers and were
recruited via social networks. The inclusion criteria were
that the child: (1) had no reported or suspected learn-
ing disorders, and (2) did not yet learn the multiplication
table or the meaning of multiplication—neither before
the study nor during the 12 weeks of the study.

35 children started the study. Additional file 1: Table S1
shows their details. Their ages were between 6;1 (6 years,
1 month) and 7;11 (mean="7;1, SD=0;5). They were in
the first grade (27 children), 2nd grade (7 children), or the
last year of kindergarten (1 child). Of these, 18 children
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were excluded. Three children were excluded imme-
diately after the pre-experiment test because this test
showed that they already knew some of the multiplica-
tion facts to be learned. Additional 15 children dropped
along the way: 3 decided to quit; one was excluded for
not following the study rules, which prohibited parental
help; and 11 were excluded for being uncooperative or
inattentive (for detailed exclusion reasons, and additional
explanations, see Additional file 1: Table S2). Impor-
tantly, because we used a within-participant design,
and each child performed both experimental conditions
(low-similarity training and high-similarity training),
the participant exclusions were not confounded with
the experimental manipulation. Furthermore, the spe-
cific exclusion reasons were not related to the magnitude
of a putative similarity effect: when we excluded a child
based on objective measures, we never relied on a meas-
ure related to similarity, or on any performance measure
reported in the results below; and when we excluded a
child based on an experimenter’s impression of the child’s
behavior in particular experiment sessions, the experi-
menters who made the decision were not told in advance
which experimental condition was administered in those
sessions.

These exclusions left 17 participants who completed
the study and whose results are reported below (age
range 6;1-7;11, mean=7;0, SD=0;5): two in second
grade, 14 in first grade, and one in kindergarten senior
year. None of them knew any of the 16 multiplication
facts taught in the study (Additional file 1: Table S7a).

Stimuli

Each child learned the same 16 multiplication facts, in
which both operands were between 3 and 9. There were
no ties (N x N). The smaller operand appeared first. The
16 facts were grouped into 4 sets with 4 facts in each:
two sets with low similarity among the facts, and two
sets with high similarity (i.e., the level of similarity was
manipulated within participant).

All children learned the same 16 facts, but the group-
ing of the facts into 4 sets was different for each child
(Additional file 1: Table S4). The per-child grouping was
random and was designed to maximize the difference
between the low-similarity and the high-similarity sets.
We also ensured that similarity was not confounded
by problem size—i.e., that the low-similarity sets were
not consistently easier due to smaller operands. In fact,
the average operand size in the low-similarity sets was
slightly higher than in the high-similarity sets (Table 1.
For the excluded participants, there was a very small dif-
ference in problem size, Additional file 1: Table S5). The
participants were not told about the similarity manipu-
lation. The experimenters knew about the manipulation



Dotan and Zviran-Ginat Cognitive Research: Principles and Implications

(2022) 7:101

Page 4 of 17

Table 1 Statistical information about the stimuli. Each participant learned the same 16 multiplication facts, which were grouped into
2 low-similarity sets and 2 high-similarity sets (different grouping for each participant)

Participant Similarity in... Similarity of the set trained in  Average operands size in...
Low-similarity sets High-similarity sets week Low-similarity sets High-

similarity

sets
1 2,2 11,11 High 6.75 6.00
2 2,2 11,1 Low 6.25 6.50
4 2,2 11,11 Low 6.69 6.06
6 1,1 11,12 High 6.50 6.25
7 1,2 11,1 Low 6.44 6.31
9 0,1 11,1 Low 6.44 6.31
1 1,1 10, 11 High 6.13 6.63
12 2,2 11,11 Low 6.44 6.31
13 2,2 10,10 High 6.56 6.19
16 2,2 10,10 High 6.63 6.13
19 2,2 10,10 Low 6.88 5.88
23 1,1 10, 1 High 6.13 6.63
25 2,2 12,12 High 6.44 6.31
27 1,1 10,10 Low 6.81 5.94
31 2,2 11,1 High 6.56 6.19
33 0,1 10, 11 Low 6.56 6.19
34 2,2 1,1 High 6.00 6.75
Average 1.56 10.76 6.48 6.27

Each set was learned in a separate week (4 weeks overall), in counterbalanced order (either low-high-low-high or high-low-high-low). We made sure that the low-

similarity sets were not easier than the high-similarity sets in terms of problem size

but they were not told, for each specific week, whether it
was high-similarity or low-similarity.

Computing similarity

There are many possible methods to compute the simi-
larity among facts in a given set. Different methods rely
on different theoretical assumptions about several issues,
e.g., whether the similarity index should reflect the simi-
larity between digits or between words, whether it should
be sensitive to the role of a particular digit/word as an
operand or a result, etc. (cf. Appendix of Dotan & Fried-
mann, 2019). In the absence of a systematic comparison
between the different similarity computation methods,
we used a simple method that previous studies have
shown to be effective (De Visscher & Noél, 2013, 2014a,
2014b; Dotan & Friedmann, 2019). First, the similarity
between two facts was defined as the number of digit
pairs that appeared in both facts, irrespective of the dig-
its’ position in the fact and their role as operand or result.
For example, the facts 8 x 7=56 and 8 x 3=24 have no
common digit pair (only the digit 8 appears in both) so
their similarity is 0. The facts 3 x4=12 and 3 x7=21
have 3 common digit pairs (1-2, 2-3, and 1-3) so their
similarity is 3. Then, the similarity index for a set of 4
facts was computed by summing the pairwise similarities

of all 6 fact pairs in the set. For the multiplication table
up to 9 x9, this similarity index essentially reflects the
overlap between the digits of the two facts (operands and
response), with no penalty for a single overlapping digit
and a nonlinear penalty for additional overlapping digits.

Procedure

The experiment sessions were held during the COVID-
19 pandemic period, which prevented face-to-face meet-
ings, so they were done in one-on-one online video
meetings with voice over a phone call. To reduce the
effects of inter-individual differences, the design was fully
within-participant, i.e. all children underwent the same
procedure. The experiment started with one week of pre-
experiment tests (week 1; Fig. 1). At this time the chil-
dren did not yet start learning, so obviously, they almost
invariably answered “I don’t know”. The pre-experiment
test was aimed primarily to verify that the participants
had no prior knowledge of multiplication. Four training
weeks followed immediately (weeks 2-5). After a delay
of one week there was a post-experiment test (week 7),
and another post-experiment test after an additional
delay of 4 weeks (week 12). The experiment weeks were
not aligned with calendar weekdays. To increase the rele-
vance to school-learning situations, we aimed to examine
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Pre experiment tests

. Addition facts
Experlment protocol

Multiplication facts | X3
Week 1 Pre-experiment test
Training week
Training session X
Weeks 2-5 Training g .
End-of-week test
Weeks 7 & 12 Post-experiment test Post experiment tests

Multiplication facts | X3

Multiplication facts
forced choice

repeated them, then he was tested on them

Training session Training round

Pre-session test

Repeat fact X4

Free recall

Training round x4

Post-session test Test remaining facts

Fig. 1 The experiment protocol. The experiment included a pre-experiment testing week (week 1), four training weeks (weeks 2-5), and two
post-experiment testing weeks (weeks 7 and 12). Each testing week included 3 sessions, each of which involved testing the child on each
multiplication fact as an open question. The post-experiment testing weeks also included a fourth session with a forced-choice test. Each training
week included 4 training sessions in which that week's 4 facts were rehearsed, followed by a session that tested all facts trained in the present

and previous weeks. A training session consisted of a pre-session test (each of the week's 4 facts tested once; a week’s first training session did not
include a pre-session test), 4 training rounds, and a post-session test (each fact tested once). In a training round, the child first heard the 4 facts and

the specific effect of similarity on learning (as opposed to
its effect on testing/retrieval, as in Campbell, 1987), so we
applied the similarity manipulation during the learning
sessions but not during the test sessions. In the test ses-
sions, similar and dissimilar facts were mixed.

Training period (weeks 2-5)

Each training week included 5 sessions, held on 5 differ-
ent days: 4 training sessions (approximately 20 min each)
in which that week’s 4 facts were rehearsed, followed—
with a gap of at least one day—by a weekly test session.
Each training session consisted of a pre-session test, 4
training rounds, and a post-session test.

Training rounds

Each training session included 4 training rounds, which
were the core of learning. Each round started with the
experimenter saying each fact and the participant repeat-
ing it. Errors were corrected immediately. The partici-
pants then retrieved all facts they remembered (exercise
and result), and the experimenter corrected any errors.
Finally, the experimenter asked about any fact that the
child did not retrieve, with immediate error correc-
tion. Whenever an error was corrected, the participant
repeated the correct fact (exercise and result) until say-
ing it correctly. The order of presenting the facts was ran-
dom and was different for each presentation of the 4 facts
(counterbalanced within participant).

Pre- and post-session tests in the training sessions

These tests were held at the beginning and end of each
training session. A week’s first training session did not
include a pre-session test, as the child did not yet start
learning that week’s facts. Both tests had the same struc-
ture: the child was tested once on each of the week’s 4
facts by asking “how much is X times Y?” After the child
responded to all 4 facts, errors were corrected: for each
fact in which the child erred or did not know the answer,
the experimenter said the exercise and the solution, and
the child repeated it. If the child repeated incorrectly,
the experimenter asked to repeat the fact over and over
again, until it was repeated correctly.

Weekly test sessions during the training period

In the last session in each week, the child was tested on
each of the facts learned so far in the current and previ-
ous weeks—i.e., on 4 facts at the end of the first training
week, and on all 16 facts at the end of the 4th training
week. This weekly test included 2 rounds, each present-
ing all tested facts in random order (different order in
each round), with the limitation that the 4 facts of the
current week were the first in each round. No feedback
was given except general encouragement. In these weekly
tests and in the pre-experiment and post-experiment
tests (described below), low-similarity and high-similar-
ity exercises were mixed in the same session.
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From these weekly tests, we analyzed only the most
reliable responses. To determine how reliable each par-
ticular response is in terms of informing about the
effect of similarity, two main factors need to be consid-
ered. First, in each week the participants were tested on
the facts learned in the current week and the preceding
weeks, but we analyzed only the responses to the cur-
rent week’s facts, to avoid confounding with the time
elapsed since learning. Second, in each weekly test ses-
sion, the participants were tested on each fact twice, in
two rounds. From these two rounds, we deemed the first
round as more reliable, because presumably, this round
reflects the participant’s long-term knowledge better
than the second round (below, we shall see results indi-
cating that this was indeed the case). The responses in
the second round may be confounded by local effects—
e.g., the participants may simply repeat their response
from the first round. Thus, throughout the results sec-
tion, the weekly test analyses refer only to the first-round
responses, unless explicitly said otherwise.

Pre-experiment testing (week 1)

Week 1 included 4 testing sessions, held on 4 separate
days. In the first session, the child was tested on 10 sin-
gle-digit additions and 7 subtractions with a single-digit
subtrahend and result. The results of these addition/sub-
traction tests are reported in Additional file 1: Tables S5
and S6. In each of the next 3 sessions, the child was tested
on 43 multiplication facts (each fact once per session, i.e.
3 times during the week): all operand pairs between 2 x 2
and 9 x 9 (36 facts, the larger operand appeared second),
and 7 facts with 0 or 1 as operands. The question was
“how much is X times Y?” No feedback was given except
general encouragement.

Post-experiment testing (weeks 7 and 12)

Each of these two weeks included 4 testing sessions, held
on 4 different days. The first 3 sessions tested the mul-
tiplication facts knowledge like in the pre-experiment
tests. The 4th session was a two-alternative forced-choice
test. The distracter for a fact was the result of another fact
from the same 4-fact set. In week 7, the forced-choice
test included a single round with 16 questions—each
trained fact appeared once. In week 12, the test included
two rounds, each round asking once about each of the 16
trained facts. Untrained facts were not presented in the
forced-choice tests. No feedback was given except gen-
eral encouragement.

Statistical analyses

For each fact, we defined two measures reflecting its
similarity to the 3 other facts in the same set. Numeric
Similarity is the specific fact’s average similarity to the 3
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other facts in the set, and Similarity Level is the set’s clas-
sification as low-similarity or high-similarity. The group-
ing of facts into sets was different for each child, so these
parameters were computed for each child.

To examine the effect of similarity on the participants’
accuracy, we submitted the per-fact accuracy (correct/
incorrect) to a logistic linear mixed model (LLMM) with
the Participant and Fact as random factors. The critical
within-participant factor was Similarity, the specific simi-
larity predictor being either Numeric Similarity (numeric
factor) or Similarity Level. These LLMMs also included
two within-participant covariates accounting for the
problem size: the average and product of the operands
(but in all the critical analyses, the results were essentially
the same when removing the two problem-size factors,
and also when additionally removing the Fact random
factor). Other LLMM configurations are detailed below.

In the few cases wherein an LLMM reached a sin-
gular fit, which may result from over-fitting, or did not
converge, we first tried z-scoring each predictor. If that
did not help, we removed the Fact random factor (simi-
lar results were obtained when keeping this factor). To
examine the significance of a particular factor or interac-
tion, we used a log-likelihood ratio test and compared the
full LLMM to a model in which that factor/interaction
was removed. For these comparisons, we report the test
statistic 2(LL;— LL,), which follows a y* distribution (LL,
and LL, denote the log-likelihoods of the reduced model
and the full model), and the corresponding p-value.

Results

Learning dissimilar facts is easier

In the end-of-week tests, as predicted, accuracy in the
low-similarity weeks was higher than in the weeks with
similar facts by 13.7% (Fig. 2a), i.e., by a factor of 1.25.
To examine the similarity effect statistically, we used the
logistic linear mixed model described in Methods. The
dependent variable was the per-fact accuracy, the par-
ticipant and fact were random factors, and there were 3
within-subject factors: similarity (either Numeric Simi-
larity or Similarity Level, in two separate analyses), and
the two problem-size factors as covariates (sum and
product of the operands). The effect of similarity was
significant (with Similarity Level factor: y*(1)=7.34,
p=0.007, odds ratio=0.41, Fig. 2a; with Numeric Simi-
larity factor: y*(1)=10.47, p=0.001, odds ratio=0.43,
Fig. 2b; detailed LLMM results in Additional file 1:
Table S10a, b). Because the number of participants was
not large, we verified that the effect of similarity was sig-
nificant also when comparing the high- and low-similar-
ity sets using statistical tools simpler than a linear mixed
model—paired ¢ test (£(16)=1.90, one-tailed p=0.04,
Cohen’s d=0.48) and Wilcoxon Signed Rank test
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Fig. 2 Results of the end-of-week tests—better learning of dissimilar facts than similar ones. a The children were more accurate in the low-similarity
weeks than in the high-similarity weeks. The thinner bars show the individual results of each participant. b Accuracy decreased as a function of the
fact's average similarity to the 3 other facts learned in the same week, even within the low-similarity sets and the high-similarity sets, suggesting

(W=91, one-tailed p=0.04). An effect of similarity was
found also among the excluded participants (specifically,
for the 6 participants whose amount of data sufficed to
test a similarity effect; Additional file 1: Figure S2). Thus,
as predicted, it was harder for the children to learn facts
that were similar to each other, and it was easier for them
to learn dissimilar facts.

The results above refer to the participants’ first round
of responses in each weekly test session, as we considered
the responses in this round to reflect the participants’
long-term knowledge more reliably than the responses
in the second testing round. Still, the similarity effect
was observed also in the second round (same LLMM,
Numeric Similarity effect: y*(1)=6.72, p=0.01, odds
ratio =0.49; but the effect was not significant when using
the Similarity Level factor, y*(1)=2.48, p=0.12; Addi-
tional file 1: Figure S3, Table S11). The similarity effect in
the second-round responses was smaller than in the first-
round responses, in line with our assumption that the
first round is a better reflection of the learning and the
similarity effect.

Critically, the similarity effect originated in the learn-
ing that occurred during the experiment, and cannot be
attributed to pre-existing knowledge. In the pre-experi-
ment tests on multiplication facts (in week 1), the average
accuracy on the to-be-trained facts was virtually zero,
leaving no room for a similarity effect: 2.7% in the low-
similarity sets and 2.5% in the high-similarity sets. The

0.2% difference between the low- and high-similarity sets
was not significant (a logistic linear mixed model did not
converge, so we used paired ¢ test: #(16) =0.32, one-tailed
p=0.37).

Contrary to findings with older children (De Visscher
& Noél, 2014a), the participant’s individual sensitivity to
similarity (hereby StS, Fig. 2a) did not predict their overall
accuracy. To examine this, we entered the per-participant
overall accuracy as the dependent variable in a multiple
linear regression. The critical predictor was the partici-
pant’s StS, defined as Aaccuracy between low- and high-
similarity sets (Aaccuracy >0 denotes higher sensitivity).
A second predictor controlled for the fact that each child
learned the multiplication facts in a different grouping,
with different specific levels of similarity. This predictor
was defined as Asimilarity = Simy — Simz, with Simy
and Sim; denoting the participant’s average within-set
numeric similarity of the two high-similarity sets and
the two low-similarity sets, correspondingly. If the par-
ticipant’s StS affects the overall accuracy, the StS predic-
tor should have a significant negative effect. This was not
the case: neither predictor had a significant effect (StS:
b=—0.55, one-tailed p=0.21; Asimilarity: b=-0.12,
one-tailed p=0.30). Still, crucially, high sensitivity to
similarity predicted low performance in the high-simi-
larity sets: in a similar regression, in which the depend-
ent variable was accuracy in the high-similarity sets, the
StS predictor had a significant negative effect (b=—0.61,
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one-tailed p=0.006), with no effect of Asimilarity
(b=—0.57, one-tailed p =0.20). Such an effect of StS was
not found when the dependent variable was accuracy in
the low-similarity sets (StS: »=0.39, i.e., opposite to the
predicted direction; Asimilarity: 5=—0.57, one-tailed
p=0.20). In sum, sensitivity to similarity disrupted learn-
ing specifically in high-similarity conditions.

The findings above clearly show that it is easier to learn
dissimilar facts than similar ones. In the subsequent sec-
tions, we examine why this is so.

The similarity effect arises specifically from the grouping
of facts in the training sessions

What is the origin of the similarity effect? Our assump-
tion, presented in the Introduction, was that the simi-
larity effect originated in the specific grouping of facts
into weekly sets during the learning time. In particular,
we assumed that high similarity between the facts in a
given week (hereby, “within-set similarity”) would dis-
rupt learning. Correspondingly, the similarity index we
defined captures the similarity between each fact and the
3 other facts in the same week.

An alternative view is that learning is disrupted by the
similarity between the current week’s facts and the facts
learned in previous weeks. This resembles the idea pro-
posed by de Visscher and Noél (2014b): they assumed
that the multiplication facts are learned in a certain order,
and that learning is modulated by the similarity between
each fact and all earlier facts in this “learning list” A simi-
larity index reflecting this alternative view should capture
the similarity between each fact and all the facts in the
previous weeks.

To arbitrate between these two alternatives, we ran
an LLMM on the weekly test data with accuracy as the
dependent variable, the participant as a random fac-
tor, and with four within-participant factors. Two simi-
larity factors represented the two hypotheses above:
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Within-set Numeric Similarity, defined as in the previous
section, and Similarity versus Previous Weeks: the aver-
age pairwise similarity of each fact in the current week
versus each fact learned in previous weeks. For facts
learned in the first week, for which there are no preced-
ing weeks, this factor was defined as 0. Additionally, the
LLMM included the two problem-size factors—the sum
and product of the two operands. This analysis showed
a significant effect of Within-set Similarity (Table 2): for
each additional point in the within-set similarity index,
the odds of responding correctly in the end-of-week test
decreased by a factor of 0.44. In contrast, there was no
significant effect of Similarity versus Previous Weeks.
Thus, the critical factor that affects learning is the simi-
larity of a fact versus the other facts learned in the same
week.

The effect of the per-fact Numeric Similarity could be
observed to some extent even when controlling for the
per-set Similarity Level. We showed this using LLMM
with 4 predictors —Numeric Similarity, Similarity Level,
and the sum and product of the two operands. The
dependent variable was the per-fact accuracy, and the
Fact and Participant were random factors. Numeric Simi-
larity had a marginally significant effect with y*(1) =3.14,
p=0.08, odds ratio=0.8 (Additional file 1: Table S12),
suggesting that it is the specific similarity level that
counts. Figure 2b shows how the set’s specific similar-
ity level affected performance on top of its dichotomous
classification as a low-similarity or a high-similarity set.

The similarity effect arises from long-term memory

Once learned, the multiplication facts are stored in long-
term memory. Similarity clearly affected these long-term
memory representations, as its effect was observed in the
end-of-week tests, which were conducted two days after
learning has ended. But how did this effect take place?

Table 2 The results of the logistic linear mixed model that examined whether accuracy in the end-of-week tests was affected by the
similarity between the facts in each week (within-set) or by the similarity of each set of facts versus the previously learned facts

Factor Odds ratio 95% Cl Significance
Intercept 41.14 0.04-46,680

Within-set numeric similarity 044 0.25-0.77 X' =9.53,p=0.002
Similarity versus previous weeks 1.16 0.55-2.43 ¥=0.14,p=0.71
Sum of operands 0.77 0.29-2.0

Product of operands 1.03 0.89-1.18

Random effects

o’ within participant and exercise 329

o? between participants 147

o’ between exercises 0.35

A significant effect was found only for the within-set similarity
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One interpretation of the similarity effect could be
actually in terms of working memory (WM): if two items
have some identical features, this impairs their repre-
sentations in WM due to interference (Baddeley, 1966a;
Bunting, 2006; Oberauer & Lange, 2008). It could be that
in high-similarity weeks, the children created poor WM
representations of the facts, and as a result, they had less
opportunity to construct appropriate long-term memory
(LTM) representations. According to this view, the simi-
larity effect did not arise from LTM per se, but “leaked”
from WM. An alternative view is that similarity affected
LTM directly. It is also possible that both LTM and WM
give rise to similarity effects. Indeed, similarity can affect
both WM and LTM (Baddeley, 1966b).

Two aspects of our data may arbitrate between these
two views: (1) Performance at the beginning versus the
end of each training session. If the similarity effect origi-
nates in WM, it should be observed in the post-session
tests, when WM representations are stronger, but should
be weaker or completely absent in the pre-session tests.
In contrast, if the similarity effect originates in LTM, it
should be observed in the pre-session tests: these tests
are affected by long-term representations, and less
affected by the momentary WM activation by the current
training session, which has not yet started. (2) Day-by-
day progress. If the similarity effect originates in WM, it
should be observed from the very first session, because
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each session recruits the WM. In contrast, if the similar-
ity effect originates in LTM, its effect may kick in only
later, after a few days, when sufficiently strong LTM rep-
resentations have been created.

To examine these predictions, we used multiple
LLMMs and analyzed separately the pre-session test
and the post-session test of each day. The dependent
variable was accuracy, the participant and fact were ran-
dom factors, and there were 3 within-participant fac-
tors: Numeric Similarity, and the sum and product of the
operands.

The results (Fig. 3) confirmed the predictions of the
LTM-originated-interference view. A significant effect
of similarity was observed in the pre-session test of the
4th training day (y*=6.5, p=0.01, odds ratio=0.83,
Additional file 1: Table S13), but not in the pre-session
tests of days 2 and 3 (both p>0.90). The similarity
effect in day 4 was stronger than in the pre-session test
of the preceding days: a similar LLMM on all 3 days,
with Day (#4 vs. 2+3) and Day x Similarity interac-
tion as additional factors, showed a significant interac-
tion (y*=4.31, p=0.04, odds ratio=0.68, Additional
file 1: Table S14). Thus, the predictions of the LTM-
originated-similarity hypothesis were fully corrobo-
rated: there was a significant effect of similarity in the
pre-session test, and this effect was not observed on
the first days of training but appeared only on the last
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Fig. 3 Accuracy in the short tests conducted at the beginning and end of each training session. The overall performance improves from day to day.
Critically, a similarity effect was observed only in the pre-session test of the last training day—the test that was most sensitive to long-term memory
representations. In all other pre- and post-session tests, the similarity effect was not significant
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day. In contrast, the prediction of the WM-originated-
similarity hypothesis was refuted: no significant effect
of similarity was found in any of the post-session tests
(all p>0.11).

The finding of a similarity effect only on day 4 was
replicated also when examining the participants’
responses during the training rounds (Fig. 4). Accu-
racy increased with training, and critically, the effect
of similarity emerged only on the last training day,
again supporting the idea that similarity affects LTM.
We ran an LLMM on the accuracy in each response
attempt, with the participant and fact as random
factors, and with several within-participant fac-
tors: Numeric Similarity, the sum and product of the
operands (to account for problem size), the training
round (1-4, numeric factor), and the serial position of
the item in the specific round (1-4, numeric factor).
Again, the effect of similarity was significant in day 4
(¥*(1)=6.03, p=0.01, odds ratio=0.70, Additional
file 1: Table S15) but not in the preceding days (all
p>0.65).

Altogether, these findings indicate that similar-
ity affected the long-term memory representations
directly, without the mediation of working memory
processes. Still, in the next section, we will see evi-
dence suggesting that working memory processes
may be involved in some way in creating the effect of
similarity.
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Low-similarity training is beneficial also in the long run

An effect of similarity after several weeks

Unsurprisingly given the relatively small amount of train-
ing, accuracy in the post-experiment free recall tests was
not high—about 20% (Fig. 5a). Still, the post-experiment
forced-choice accuracy in week 12 was higher than
chance (Fig. 5b)—i.e., although we provided relatively lit-
tle training, the children had memory traces of the mul-
tiplication table several weeks after training has ended.
The critical question is whether manipulating similarity
during training affected the long-term representations.
Figure 5b indicates that it did: in the second round of the
forced-choice test in week 12, performance was good in
the low-similarity items (68% success; comparing the per-
participant success rate to the 50% chance level, paired
t(16) =3.68, one-tailed p=0.001, Cohen’s d=1.30) but
not in the high-similarity items (p=0.31). The differ-
ence between low- and high-similarity items was signifi-
cant. We examined this using an LLMM on the post-test
accuracy of the week 12 s round of forced-choice, with
Numeric Similarity and the operands’ sum and prod-
uct as within-subject factors, and with the participant
as a random factor (the fact random factor was not
added because this model did not converge). The Simi-
larity effect was significant (y*(1) =9.03, p=0.003, odds
ratio=0.67, Additional file 1: Table S16). Such similarity
effect was not found in the previous forced-choice tests—
the one in week 7 and the first forced-choice test in week
12 (numerically, the performance was even higher for
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Fig. 4 The effect of similarity on accuracy in each response attempt during the training rounds. The improvement was nearly monotonous from
day to day, with a significant effect of similarity only on the last training day—the day most sensitive to long-term memory representations
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Fig. 5 The effect of similarity on accuracy in the post-experiment tests—the recall tests (average of sessions #1-3 in each week) and the
two-alternative forced-choice tests (session #4 in each week). Only the trained facts are shown here. The p values above the columns are the
effect of the Numeric Similarity factor in the LLMM described in the text. The p values inside the forced-choice columns refer to comparing the
per-participant mean accuracies to chance level (paired t-test against 50%, one-tailed p)

high-similarity facts, as can be seen in Fig. 5b, but this
effect was not significant, p>0.22). Importantly, the p
value obtained for the similarity effect in the last forced-
choice test (p=0.003) survives a Bonferroni correction
for the multiple comparisons in 5 post-experiment tests.

We acknowledge that while our findings in the previ-
ous sections showed a clear and robust effect of similarity
on long-term memory two days after learning has ended
(in the end-of-week tests), the support for a weeks-long
effect of similarity is not as strong, as the long-term effect
was observed only in the very last post-experiment tests.
Still, note that the specific pattern observed here—an
effect of similarity in week 12 but not in week 7—does
not appear to be random, because it replicates a previous
study that used the same paradigm (Dotan & Friedmann,
2019).

The weeks-long similarity is not an experimental artifact

We ruled out an alternative, short-term memory inter-
pretation of the week 12 similarity effect. This interpre-
tation emphasizes that the week 12 forced-choice test
included two rounds, with different distracters in each
round, and the children may have relied on this infor-
mation. For example, if 7 x6=42 was presented with
distracter 35 and then with distracter 63, in the second
round they could deduce that the correct answer was

42—the only alternative that appeared in both rounds.
Critically, the ability to remember the exercise and the
distracters could be affected by the within-set similarity
and mediated by short-term memory.

To examine this “strategic guessing” interpretation,
we recruited another group of 20 first-grade children
(mean age=7;1, SD=0;3) who performed only the two-
round forced-choice test, with no preceding learning.
Three children were excluded for stereotypical answers
(consistently choosing the second alternative, Additional
file 1: Table S3). The strategic-guessing view predicts that
in this experiment too, the performance in the second
round will be (1) higher than chance, (2) higher than in
the first round, and (3) affected by similarity. All three
predictions were refuted. First, accuracy in the second
round was low (47.0%)—Iless than the 50% chance level.
Second, accuracy in the second round was lower, not
higher, than in the first round (53.8%). Third, accuracy
in the second round was unaffected by similarity—it was
almost the same in the low-similarity sets (48.7%) and
the high-similarity sets (45.3%). The difference between
low- and high-similarity sets was not significant (LLMM
on accuracy with the participant as a random factor, and
Numeric Similarity and the sum and product of the oper-
ands as within-participant factors, the effect of similarity
was not significant: y*(1)=0.03, p=0.87; similar results
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when using Similarity Level instead of Numeric Similar-
ity, x*(1)=0.38, p=0.54). These results refute the strate-
gic-guessing interpretation and support the idea that the
similarity effect in week 12 indeed originated in long-
term memory.

Discussion
Low similarity facilitates memorization
This study examined whether young children, who do
not yet know the multiplication facts, learn them bet-
ter when dissimilar rather than similar facts are learned
together. The children memorized sets of facts with low
or high within-set similarity, each set during one week.
The results were clear: by the end of a learning week,
accuracy in the low-similarity sets was higher than in the
high-similarity by a factor of 1.25. This difference can-
not be attributed to fact-specific characteristics such as
problem size, because the facts were grouped differently
for each child, and because our analyses controlled for
the problem size. Thus, the similarity effect did not origi-
nate in an intrinsic property of particular facts, but had
to do with how we grouped the facts during the learn-
ing sessions. Because similarity was manipulated, we can
conclude causality: low similarity not just correlates with
multiplication fact knowledge, it improves knowledge.
The best predictor of performance was the fact’s pre-
cise similarity to the 3 other facts learned in the same
week, not its similarity to the facts learned in the previ-
ous weeks. We conclude that the main source for simi-
larity-induced interference is from the simultaneous
learning of similar facts, not from learning a new fact
that is similar to an already-learned one. This conclusion
reaffirms those of De Visscher and Noél (2014b): they
too showed that a similarity measure should consider the
order of learning the arithmetic facts. It also extends De
Visscher & Noél's conclusions in two critical respects.
First, whereas their similarity measure relied on a fixed
learning order, using assumptions based on the school
curriculum, here we knew the precise learning order
for each child. Second, here we could arbitrate between
a putative effect of interference from previously learned
facts and an effect of interference from simultaneously
learned facts, and show that the latter is the critical one.
Our results join a growing number of studies show-
ing that similarity disrupts memorization of arithme-
tic facts (Campbell, 1987; De Visscher & Noél, 2013,
2014a, 2014b; De Visscher et al., 2018; Katzoff et al.,
2020; Polspoel et al., 2019). The exact definition of simi-
larity, however, is still an open issue: we do not yet know
what precisely makes two facts similar to each other (cf.
Appendix of Dotan & Friedmann, 2019).
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The specific memory mechanisms underlying the similarity
effect

Similarity affects long-term memory

Our data indicates that the similarity between facts
specifically affected long-term memory representa-
tions. First, in the day-by-day learning curve, the effect
of similarity was not observed right from the start, as
should have been the case if similarity had a momen-
tary effect on short-term memory, but emerged only on
the last training day, after long-term memory represen-
tations were sufficiently established. Second, the effect
was observed in the pre-session test, which presumably
reflects long-term memory representations, and not in
the post-session test, which presumably reflects short-
term effects from the just-ended session. Third, a strong
effect of similarity was observed in the end-of-week
tests, which were held 2 days after the last training ses-
sion. Fourth, an effect of similarity, albeit smaller, was
observed even in week 12 of the study, 7 weeks after
training has ended.

The weeks-long similarity effect
The effect of similarity in the post-experiment tests is
particularly interesting because it shows that manipulat-
ing similarity during learning has a long-lasting effect.
This weeks-long similarity effect was observed in the
last post-experiment test, but not in the preceding post-
experiment tests. There are at least two aspects of the
discrepancy between the different post-experiment tests,
and they may have different origins. The first aspect is
that the similarity effect was not observed a few days
after the end of the training period, but it was observed
several weeks later. This discrepancy is not surpris-
ing because it replicates a single-case study that used a
design similar to ours (Dotan & Friedmann, 2019): in this
study too, the participant did not show a similarity effect
in the post-experiment test administered shortly after
the 4-week training period, but she did show a similarity
effect in a test administered 2 months later. One interpre-
tation of this discrepancy could be that long-term mem-
ory processes continue operating even weeks after the
learning sessions have ended, and the efficiency of these
processes depends on how the facts are encoded, which
in turn depends on the learning-time similarity. Another
possibility is that when the test was run only a few days
after the end of the learning period, certain confound-
ing factors had a stronger effect—e.g., the time elapsed
since learning a particular fact. The variance of this factor
shortly after the training period was higher than its vari-
ance 5 weeks later.

A second aspect of the discrepancy between the post-
experiment tests is that even in the last testing session,
in which the effect was observed, it was observed in the
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second round of testing but not in the first round. A pos-
sible explanation is that although the similarity effect
originates in long-term memory, as shown above, its
impact on recall can occur only after increasing the facts’
activation level. In the week 12 forced-choice tests, this
“warmup” was presumably triggered by the experiment
protocol—the first testing round in this session served
as warmup to the second round, resulting in a similarity
effect in the second round. In contrast, there was no war-
mup to the first round, hence no similarity effect. There
was no warmup also in the free-recall post-experiment
tests, in which each fact was presented only once. In the
weekly tests during the training period, the experimental
protocol did not trigger such memory warmup, however,
such warmup may have occurred implicitly. For exam-
ple, because the participants still remembered the facts
relatively well during these weekly tests, they may have
activated the facts to a sufficient level even before being
asked about them. Future studies may examine how long-
and short-term effects interact to create the similarity
effects (Katzoff et al., 2020). Another question is which
of the forced-choice tests best reflects the pedagogical
reality—the first testing round or the second. Arguments
could be made in either direction; but at least one argu-
ment supports the idea that the second testing round
mimics real school scenarios better than the first testing
round: at school, more often than not, children are not
required to answer a single multiplication question, but
to solve several mathematical problems one after another.
The child would therefore not encounter each fact once,
as is the case in the first testing round, but several times
in a row, as is the second testing round.

We acknowledge that while the finding of a weeks-
long similarity effect was significant (even after correct-
ing for the multiple comparisons), it was not as robust as
the findings from the end-of-week tests. Replicating the
weeks-long similarity effect, preferably with more inten-
sive learning than we provided here, may be the goal for
future studies. An interesting question is whether such
studies would also replicate the two aspects of discrep-
ancy between the different post-experiment tests—the
finding of a similarity effect weeks after the experiment
but not earlier, and the memory warmup effect.

Does similarity affect conceptual learning?

Another question is whether, although our training pro-
gram was aimed specifically to improve rote memoriza-
tion of the multiplication facts, it also helped the children
gain implicit knowledge about the meaning of multipli-
cation or the rules underlying the multiplication table. If
such knowledge was indeed gained, and more so for the
low-similarity sets, it might provide another explanation
for the similarity effect. Our study was not designed to
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examine conceptual knowledge, but we did not observe
any overt evidence for such knowledge. Visual inspection
of our stimuli actually seems to contradict the concep-
tual-similarity-effect account: some regularities appear to
be more transparent in the high-similarity sets, e.g., these
sets often included a sequence of same-operand exercises
such as 6 x7, 6 x8, 6 x9. Future studies may examine
further whether low-similarity training has an impact
(either positive or negative) on conceptual learning of
multiplication.

Individual differences in sensitivity to similarity

Different children had different degrees of sensitivity to
similarity-induced interference: some children benefited
from low similarity more than others, and few children
even showed an opposite trend. An open question is
whether this variance reflects random noise, or whether
there is a genuine difference between the children who
gained from low similarity and those who did not.

The per-child degree of sensitivity to similarity-induced
interference (StS) correlated with the performance in the
high-similarity sets. Previous studies too found that high
StS predicted poor knowledge of arithmetic facts (De
Visscher & Noél, 2014a, 2014b). Interestingly, the precise
kind of correlation between StS and performance was
different in De Visscher and Noél’s studies and in ours.
In our study, the StS correlated specifically with the per-
formance in high-similarity sets, i.e., the individual differ-
ences were reflected in the more-demanding condition
(sets with high similarity). In contrast, in De Visscher
and Noél (2014a), who examined 4th-grade children, StS
correlated with the overall performance. A possible inter-
pretation of this discrepancy is as follows: when children
only start learning the multiplication table, the individual
differences in StS affect only the difficult situations. As
the children grow up, the gap between them is not closed
but widened. Note, however, that conclusions from these
correlations should be taken with caution because our
sample size was not large enough for reliable between-
participant analyses.

In extreme cases, an abnormal degree of sensitivity to
the similarity-induced interference (“hypersensitivity to
interference”) may cause abnormally poor knowledge of
arithmetic facts—dyscalculia (De Visscher & Noél, 2013;
Dotan & Friedmann, 2019). The training program we
used here seems to be effective also for individuals with
hypersensitivity to interference (Dotan & Friedmann,
2019), perhaps even more than for individuals without
this disorder. Indeed, the similarity effect size observed in
Dotan and Friedmann (2019), who used the same method
with a woman with hypersensitivity to interference, was
considerably larger than the effect size observed here.
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Still, our findings show that low-similarity training is
effective also for children with normal levels of StS.

Generalizability of the conclusions

Several factors indicate that our findings are reliable even
if the sample size was not large (17 participants). First,
we examined the performance at multiple time points:
before each training session, at the end of each training
session, the individual response attempts during training,
at the end of each training week, and after the experi-
ment had ended. Similarity demonstrably affected perfor-
mance in several of these time points—in the response
attempts during the training session, at the beginning of
the training session, in the end-of-week tests, and in the
post-experiment test. Second, the specific time points
in which a similarity effect was found were predicted by
theoretical considerations (e.g., the similarity-in-LTM
view predicted the difference between the pre-session
and post-session tests) and by previous studies (e.g., the
pattern of similarity effects in the post-experiment tests
replicated Dotan & Friedmann, 2019). Third, an effect
of similarity was found also among the excluded par-
ticipants. Fourth, the impact of similarity was observed
in several different types of analyses: in the accuracy of
the weekly and post-experiment tests, in the day-to-day
progress patterns, and in the comparison between pre-
session and post-session tests. Last, the effect of similar-
ity was observed with high significance levels and large
effect sizes. For all these reasons, the results cannot be
deemed unreliable due to a small dataset size or a statisti-
cal bias in a particular analysis.

The participant dropout rate was 50%, but critically,
this too does not hamper the reliability of our conclu-
sions about the effect of similarity, because the partici-
pant exclusion criteria were completely orthogonal to
similarity. No child was excluded on grounds related to
similarity. Except for one child, who decided to quit for
an unknown reason, children were excluded because they
had pre-existing knowledge of multiplication (3 children)
or because they were generally inattentive or non-coop-
erative (14 children). Furthermore, an effect of similarity
was found even among the excluded participants.

While the results are reliable, an open question is to
what extent they can be generalized to a wider popula-
tion. We see two main limitations to generalizability. One
limitation is the recruitment method: we did not recruit
whole classes systematically, but individual participants
via social networks on a voluntary basis. This recruit-
ment method may potentially be biased. The second
limitation is the participant dropout. Our main exclusion
criterion was inattentiveness, and we should consider
the possibility that the excluded children’s inattentive-
ness was not arbitrary but resulted from low attentional
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abilities. An extreme hypothesis, which we cannot cor-
roborate or refute, is that most children with lower atten-
tional abilities were excluded from the study. This would
mean that our findings may be true for typically develop-
ing children but not for those with low attentional abili-
ties or with attention disorders. Note that the assumption
that attention is related to similarity and memorization
is theoretically justified: a main aspect of attention, in
particular executive attention, is the ability to cope with
cognitive conflicts and interference; and executive atten-
tion is tightly related to (or even fully overlaps) working
memory abilities (Engle, 2002; Oberauer, 2020; Petersen
& Posner, 2012). However, critically, note also that the
straightforward prediction from these attention-similar-
ity relations is not that the effect of similarity would be
lower for children with low attentional abilities than in
our sample, but that it would actually be higher for these
children. Somewhat in line with this idea, studies that
examined how similarity affects multiplication-table-
learning in other populations with difficulties—specifi-
cally, mathematical or memory difficulties—showed a
strong effect of similarity (De Visscher & Noél, 2013,
2014a; Dotan & Friedmann, 2019).

Pedagogical implications

Our study showed that when a child needs to memorize
randomly grouped arithmetic facts, learning in a low-
similarity context is superior to a high-similarity context.
From a pedagogical perspective, an important question is
whether low-similarity training outperforms also the typ-
ical schooling method—learning the multiplication table
by columns (the times-3 table, then the times-4 table,
etc.). Our data cannot answer this question. An interest-
ing hypothesis is that both low-similarity learning and
by-column learning are good methods, yet each method
is best suited for learning a slightly different aspect of
multiplication. By-column learning may be superior for
conceptual learning of the multiplication table—e.g., to
understand the meaning of multiplication and its relation
with addition, and to learn calculation-based strategies
(e.g., if you forgot how much 7 x 6 is, you can compute
it as 7x 5+7). Low-similarity training may be superior
for rote memorization, because the column-by-column
organization tends to group similar facts. If this is indeed
the case, a good method to teach multiplication may be
to start with column-by-column teaching in school, then
switch to low-similarity training for rehearsal in school,
homework, computer games, etc.

The interaction between rote memorization and con-
ceptual learning of the multiplication table could be
even more complex. In the present study, to focus on the
memorization aspect rather than on conceptual learning,
we taught the multiplication facts as arbitrary sequences
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of numbers, without explaining what they mean. While
this decision seems methodologically justified, given that
adults generally solve arithmetic facts using a retrieval-
from-memory strategy (Campbell & Beech, 2014), it is
still possible that the cognitive representation of the facts
would be different if rote-learning is accompanied by
understanding the mathematical semantics of each fact.
Follow-up studies may examine the effect of similarity on
learning the multiplication table in more ecological set-
tings, i.e., in a classroom and when learning emphasizes
both rote memorization and mathematical semantics.
Low-similarity training was tested here for mul-
tiplication, but it may be effective also to memorize
addition facts, which can be retrieved from verbal
memory too (Campbell, 1995; even if additions can be
solved by other strategies too, Dehaene et al., 2003).
The method may also be effective to memorize other
types of information that may be subject to similarity-
induced interference—for example, formulas in algebra
((a+b)? = a® + b* + 2ab), calculus (% = nx""1), or
. __ basexheight
geometry (triangle surface = ———>=), and even for
rote learning of non-mathematical content. This is not
unlikely, given that the human memory is known to be
affected by similarity and interference in a wide range of
tasks, involving different memory processes and differ-
ent types of content (Baddeley, 1966a; Farrell & Lewan-
dowsky, 2003; Nelson et al., 1974; Oberauer et al., 2012;
Pajak et al., 2016; Smith et al., 2021; Sosic-Vasic et al.,
2018).

Conclusion

This study showed that the ability to learn the multiplica-
tion table is affected by the similarity between facts, and
that this similarity effect arises from long-term memory
processes. We further showed that a simple manipula-
tion—a careful grouping of specific arithmetic facts into
lessons, based on low similarity to each other—may help
to memorize the multiplication table. This method is
quite different from the existing school practices, so we
hope it may be used to improve how elementary schools
teach the multiplication table—an excruciating challenge
for many children. We hypothesize that such improve-
ment will not take the form of abandoning the existing
teaching methods, but will combine them with low-simi-
larity training.

Our study leaves several open questions. Most impor-
tantly, it is still not fully clear which precise memory
processes are responsible for the similarity effect in
arithmetic fact learning; what precisely makes two
facts similar to each other, and how similarity should
be measured; and whether and how rote memorization
and conceptual learning interact when learning arith-
metic facts. Future investigations of these questions
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may lead to a better understanding of how our brain
learns mathematical facts, and what math teaching in
elementary school should look like.

Significance statement

Mastering the multiplication table is one of the founda-
tions of arithmetic fluency and an important aspect of
the elementary school curriculum. Learning the multi-
plication table is also hard: many students spend a tre-
mendous effort learning it, some never succeed, and
even as adults many still remember this as an agoniz-
ing experience. Several pedagogical programs focus on
understanding the concepts and regularities underlying
the multiplication table. Here, we focused on a comple-
mentary aspect of learning the multiplication table: the
rote memorization of individual multiplication facts.
We capitalized on a well-known cognitive phenom-
enon—that human memory is sensitive to the inter-
ference arising from the similarity between the items
being memorized. This may disrupt rote memorization
of the multiplication facts because they are highly simi-
lar to each other. As a possible solution to this difficulty,
we examined whether multiplication fact learning by
young children can be made more efficient by reducing
the inter-fact similarity. Indeed, when we taught only
relatively dissimilar facts in each given lesson, learning
was better than in a control condition in which similar
facts were taught in conjunction. We propose that edu-
cational programs for teaching the multiplication table,
at least those programs that focus on the memorization
aspect, should consider the similarity between facts as
a critical factor.
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